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ABSTRACT 
 
 
 
 
 Continuous Burr distributions have gained popularity recently due to their 
potential use in practical situations. In particular, Burr Type III and Type XII 
distributions are suitable to describe lifetime data since these distributions, not only 
have flexible shape but also controllable scale and location parameters which are 
needed in characterizing lifetime distributions. In this study, 2-parameter and 3-
parameter Burr Type III and XII distributions are employed to fit a set of simulated 
lifetime data. These lifetime data are assumed to be either complete, that is 
uncensored, or censored at varying levels of censoring, and are simulated from the 
specified Burr distributions using their inverse cumulative distribution functions. The 
distribution parameters are then estimated by using the classical maximum likelihood 
estimation (MLE) and expectation-maximization (EM) algorithm approaches. The 
performance of parameter estimates are then compared in terms of their accuracy and 
efficiency by comparing its bias and mean square errors. The study finds that as the 
censoring level varies, the EM estimates perform better than the MLE estimates for 
2-parameter and 3-parameter Burr Type III and XII distributions with complete and 
censored lifetime data at certain censoring levels. In addition, the study also 
investigates a number of copula methods to join specific Burr Type III and XII 
distributions. The result reveals that Ali-Mikhail-Haq, Clayton and Gumbel methods 
fit well with Burr distributions for uncensored lifetime data since the values of 
copula lie within (0,1) interval. 
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ABSTRAK 
 
 
 
 
 Kebelakangan ini, taburan selanjar Burr telah mendapat populariti disebabkan 
oleh keupayaan menggunakannya dalam situasi praktikal. Secara khususnya, taburan 
Burr Jenis III dan Jenis XII sesuai untuk menerangkan tentang data hayat masa  
disebabkan taburan ini bukan sahaja mempunyai parameter bentuk yang fleksibel 
tetapi juga parameter skala dan lokasi yang boleh dikawal yang diperlukan untuk 
mencirikan taburan hayat masa. Dalam kajian ini, taburan Burr Jenis III dan XII 
berparameter 2 dan 3 digunakan untuk disuaikan dengan satu set data simulasi hayat 
masa. Data hayat masa ini diandaikan sama ada lengkap, iaitu tidak disensor, atau 
disensor pada pelbagai peringkat sensor dan disimulasi daripada taburan Burr 
tertentu menggunakan fungsi taburan kumulatif songsang. Parameter taburan 
kemudiannya dianggarkan dengan menggunakan kaedah anggaran kebolehjadian 
maksimum (MLE) dan algoritma pemaksimuman jangkaan (EM). Prestasi anggaran 
parameter kemudiannya dibandingkan dari segi ketepatan dan kecekapan dengan 
membandingkan kepincangan dan ralat min kuasa dua. Kajian ini mendapati bahawa 
anggaran parameter daripada kaedah algoritma EM memberikan prestasi yang lebih 
baik daripada anggaran MLE untuk taburan Burr Jenis III dan XII berparameter 2 
dan 3 untuk data hayat masa yang lengkap dan disensor pada tahap sensor tertentu. 
Di samping itu, kajian ini juga menyiasat beberapa kaedah kopula untuk 
menghubungkan taburan Burr Jenis III and XII tertentu. Keputusan menunjukkan 
bahawa kaedah Ali-Mikhail-Haq, Clayton dan Gumbel menghasilkan penyuaian 
yang baik dengan taburan Burr untuk data hayat masa yang tidak disensor 
disebabkan nilai-nilai copula berada dalam selang (0,1). 
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CHAPTER 1 
 
 
 
 
INTRODUCTION 
 
 
 
 
1.1 Background of the Study 
 
 
 Burr distribution is a continuous probability distribution for a non-negative 
random variable.  A few forms of cumulative distribution function are suggested to 
fit the lifetime data when the Burr distribution was first introduced by Burr (1942) in 
the properties and theory of cumulative function.  Indeed, in the past, Burr 
distribution got more attention from researchers because of its potential in practical 
situations.  The distribution has been practiced in various fields for the purpose of 
statistical modeling and fitting such as in studies of household income, insurance 
risk, forestry, fracture roughness, meteorology and reliability.  A wide range of 
skewness and kurtosis which has been generated from the Burr distribution can be 
used to fit almost any given set of unimodal data (Tadikamalla, 1980). 
 
 
 Burr distribution becomes more popular among the researchers and comes out 
with many types of distributions such as Burr Type II, Burr Type III, Burr Type X 
and Burr Type XII distributions with the same or different parameterizations.  Burr 
distribution also appears in the extended parameter of the distributions such as 
extended three‐parameter Burr Type III distribution for low‐flow frequency analysis.  
However in the last few decades, many researchers focused on the Burr Type III and 
XII distributions due to its pragmatic nature.  Burr Type III and XII distributions are 
used under other names in some cases.  Christian Kleiber (2007) in his guide to the 
Dagum distribution, states that in economics, the Burr Type III distribution is named 
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as Dagum distribution and the Burr Type XII distribution is known as the Singh-
Maddala distribution.  Meanwhile, in the actuarial literature and meteorological 
literature, Burr Type III is called an inverse Burr distribution and kappa distribution 
respectively.   
 
 
 The Burr Type III and XII distributions are more widely known because they 
include the characteristics of various well known distributions.  Tadikamalla in 1980 
summarized the relationship between the Burr distribution and the other distributions 
which include the Lomax, logistic, Weibull and Kappa family of distributions.  Then, 
Lewis (1981) stated that the Burr Type XII distribution had many standard 
theoretical distributions as special cases or limiting cases, including the Weibull and 
the exponential distributions which are known as common failure time distributions.  
The log-logistic distribution is a special case of the Burr Type XII to point out the 
flexibility of the Burr distribution in modeling failure times (Zimmer et al., 1998). 
 
 
 Burr Type III distribution is widely known and has been applied in studies of 
income, wage and wealth distributions.  The Burr Type III distribution has at least 
two unknown parameters which include shape, scale and location parameters.  The 
Burr Type XII distribution is also employed in various applications that are business, 
chemical engineering and medical research.  It also has at least two unknown 
parameters which include shape, scale and location parameters. 
 
 
Wang and Cheng (2010) stated that several methods have been used to 
estimate the parameters of the Burr Type III and XII distributions such as Maximum 
Likelihood Estimation (MLE), Least Squares Estimation (LSE) and Bayesian 
Estimation.  The parameter estimation procedure involves the presence of complete 
and censored data. MLE is commonly used in reliability analysis.  It can be applied 
to every sort of censored or multi-censored data and provides an ordered approach to 
parameter estimation problems.  The weakness of MLE is that it is very sensitive to 
initial values. Besides that, according to Wang and Cheng (2010), expectation-
maximization (EM) algorithm can overcome this problem because of its robustness 
against the initial value.  In other words, EM algorithm has sturdiness to oppose the 
3 
 
initial value and gives the best result of estimated parameter which is approximately 
closed to the true parameter value.  
 
 
 Nowadays, researchers are interested in using the censoring model to estimate 
the parameter of the distribution.  Censoring has been applied successfully in the 
fields of biology, genetics, astronomy, economics and psychological experiment for 
survival analysis models.  Different mechanisms can lead to different type of 
censored data since the censoring have many types such as right-censored, left-
censored and randomly censored.   
 
 
 Besides that, copula method is discovered to become a useful method to joint 
two distributions and is known as dependence functions.  It was introduced by A. 
Sklar (1959) and can connect multivariate distribution function to its univariate 
marginal distribution.  Copula method has many families such as Gaussian, 
Archimedean and Student’s t.  Each family of copula has many types of classes with 
different known generator, )(t .  It becomes a useful tool to interpret the 
relationships among multivariate variables and all multivariate distributions can be 
identified easily in terms of suitable copulas.  Copula is an important method to 
describe the dependency between random variables, which means that different 
copulas representing different dependency since it has many families.  Copula 
depends on the parameter  .  In fact, copula function does not focus on correlation 
coefficient but on scale invariant measures of association, Kendall’s rank correlation 
measures which are functions of the parameter   (Flores, 2008).  In some ways, 
copula is independent of the univariate marginal and represents the dependence 
structure separately. 
 
 
 
 
1.2 Statement of the Problem 
 
 
 The characteristics and limitations of the 2-parameter and 3-parameter Burr 
Type III and Burr Type XII distributions are investigated which involves the process 
of simulating and estimating the unknown parameters. Due to the absence of real 
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data for the current study, this research alternatively uses simulated lifetime data for 
complete and censored at varying levels of censoring. Since the cumulative 
distribution function (cdf) is strictly monotonic increasing function, the lifetime data 
is simulated using inverse cumulative distribution function at different censoring 
levels. 
 
 
 Shape parameter is used in lifetime data to characterize the shape of the 
distribution. However, scale parameter is needed since it is the bulk of the 
distribution. Generally, scale parameter stretches or squeezes the graph of 
distribution. The 2-and 3-parameter (consist of shape and scale parameters) of Burr 
Type III and Burr Type XII distributions are estimated using Maximum likelihood 
estimation (MLE) approach. The estimated scale parameter tends to larger than the 
true parameter value in the presence of censoring. Therefore, expectation-
maximization (EM) algorithm is considered to overcome the problem. The two 
estimation methods have different procedures which are MLE is maximized the 
likelihood function whereas EM algorithm has two steps, E and M steps, to estimate 
the parameter. Therefore, the comparison is important to assess the performance of 
two estimation methods. 
 
 
 Burr Type III and Type XII are two continuous distributions. Copula method 
is considered to assess the relation between the two distributions since copula is a 
convenient statistical method of measuring the correlation between variables by just 
considering the marginal distributions of these variables. Therefore, copula will be 
used to join these two distribution functions.  It can be developed in the analysis 
since it does not matter whether the variable are independent or dependent with 
association parameter,  .  Three types of copula which are Ali-Mikhail-Haq (AMH), 
Clayton and Gumbel with their own known generator )(t  are identified in this 
research for joining specific Burr Type III and Type XII distributions.   
 
 The research questions that are addressed in this study are summarized as 
follows: 
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a) How to simulate the complete and censored data based on the statistical 
 model  of 2- and 3-parameter Burr Type III and XII distributions? 
 
b) How to estimate the unknown parameters in 2- and 3-parameter Burr Type III 
 and XII distributions using Maximum Likelihood Estimation (MLE) and 
 Expectation Maximization (EM) algorithm approaches in the presence of 
 various level of censoring? 
 
c) What are the performance of MLE and EM algorithm estimates in terms of 
 their bias and mean square error?  
 
d) What are the best copula methods for joining specific Burr Type III and Type 
 XII distributions? 
 
 
 
 
1.3 Objectives of the Study 
 
 
The objectives of this study are as follows: 
 
 
1.3.1  To simulates the complete and censored data based on the statistical model of 
 2- and 3-parameter Burr Type III and XII distributions. 
 
1.3.2 To estimate the unknown parameters in 2- and 3-parameter Burr Type III and 
 XII distributions using Maximum Likelihood Estimation (MLE) and 
 Expectation Maximization (EM) algorithm approaches in the presence of 
 various level of censoring. 
 
1.3.3 To compare the results of estimated parameter that is obtained from 
 Maximum Likelihood Estimation (MLE) and Expectation Maximization 
 (EM) algorithm approaches for complete and censored cases. 
 
1.3.4 To identify three types of copula which are Ali-Mikhail-Haq (AMH), Clayton 
 and Gumbel for joining specific Burr Type III and Type XII distributions. 
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1.4 Scope of the Study 
 
 
Twelve different forms of cumulative distribution functions are introduced by 
Burr (1942) for modeling data but among those distributions, Burr Type XII 
distribution received more popularity because of its advantages.  One of the 
advantages is Burr Type XII distribution covers all larger regions of kurtosis towards 
the lower end of the skew and kurtosis boundary.  Thus, the distribution gained 
interest from researchers to use in many fields for practice or application processes.  
However, this study will focus on the characteristics of 2- and 3-parameter Burr 
Type III and XII distributions including simulation and estimation processes based 
on a statistical model of the distributions. 
 
 
From the various methods that have been used to estimate the parameter, this 
study will focus on the application of Maximum Likelihood Estimation (MLE) and 
Expectation-Maximization (EM) algorithm approaches in estimating the 2- and 3-
parameter  Burr Type III and XII distributions using complete and censored data.  
The technique or method of estimating the parameter is compared for complete and 
censored cases between two approaches which are MLE and EM algorithm.  This 
study focuses on determining the closest estimated parameter value to the true value 
using MLE and EM algorithm methods for complete and censored data.   
 
 
 Besides that, Archimedean copula has been employed in this research to join 
the Burr Type III and Type XII distributions since it is easy to construct among the 
family of copula due to many parametric families that belong to this class.  
Archimedean copula is also popular because it allows modeling dependence in 
arbitrarily high dimensions with only one parameter, governing the strength of 
dependence.  Archimedean has six classes which are Ali-Mikhail-Haq (AMH), 
Clayton, Frank, Gumbel, Independence and Joe copula.  However, this work will 
identify Ali-Mikhail-Haq (AMH), Clayton and Gumbel copula for joining specific 
Burr Type III and Type XII distributions and verify whether the specific Burr Type 
III and Type XII distributions fit well with copula distribution.  
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1.5 Significance of the Study 
 
 
 The process of analysis in this study involves the characteristics of Burr Type 
III and XII distributions, Maximum Likelihood Estimation (MLE) and Expectation-
Maximization (EM) algorithm approaches and copula method.  The research work 
leads us to develop the methodology for simulating complete and censored data of 2- 
and 3-parameter Burr Type III and XII distributions based on the characteristics and 
the derivation of parametric forms of probability density function (pdf) and 
cumulative density function (cdf) of the distributions.  The research work develops 
the simulation process for censored data and estimates the 3-parameter Burr Type 
XII distribution for censored data and 2- and 3-parameter Burr Type III distribution 
since other researcher always focused on 2-parameter Burr Type XII distribution. 
 
 
On the other hand, the results of this study can give statistical evidence in 
choosing the estimation approaches that are more accurate to estimate the parameters 
of 2- and 3-parameter Burr Type III and XII distributions using complete and 
censored data.  This is very important because the estimators will influence the 
performance of the distribution and will give the benefit to the fields that apply Burr 
Type III and Type XII distributions in their research project. 
 
 
Besides the simulation and estimation processes, this study is an example for 
joining distribution between Burr Type III and Type XII distributions to obtain the 
copula distribution since there do not have any previous study that join this two 
distribution using specific parameter value.  The process can be applied in real data 
to investigate the relationship between the distributions such as competing risk 
situation. 
 
 
 
 
1.6 Research Layout 
 
 
 Chapter 1 introduces the terminology and framework of the study.  In this 
chapter, the distribution and method that will be used in this research are introduced.  
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Chapter 2 presented about the brief review on the distributions, method of estimation 
and copula.  This chapter also gives a review of censoring and survival function. 
 
 
 Chapter 3 described about the distribution that will be used in this research 
and the methodology for simulating processes of the distribution which involved an 
inversion method to simulate the data.  The process of estimating the parameters of 
the distributions using two approaches that are Maximum Likelihood Estimation and 
EM algorithm for complete and censored data are also showed in this chapter. 
 
 
 All the results and finding of estimated parameter of the Burr Type III and 
XII distributions using different censoring level for Maximum Likelihood Estimation 
and EM algorithm will be discussed in Chapter 4.  Besides that, the goodness of fit 
and the result of copula are also included in this chapter.  The result of copula is also 
described in this chapter.  Finally, the conclusion of the research project and 
suggestion for further research are described in chapter 5.  
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